Enriques surfaces are minimal surfaces of Kodaira dimension 0 with b 2 = 10. If we work with a field of characteristic away from 2, Enriques surfaces admit double covers which are K3 surfaces. In this paper, we prove the Shafarevich conjecture for Enriques surfaces by reducing the problem to the case of K3 surfaces. In our formulation of the Shafarevich conjecture, we use the notion "admitting a cohomological good K3 cover", which includes not only good reduction but also flower pot reduction.
Introduction
The Shafarevich conjecture for abelian varieties states the finiteness of isomorphism classes of abelian varieties of a fixed dimension over a fixed number field admitting good reduction away from a fixed finite set of finite places. The purpose of this paper is to formulate and prove this conjecture for Enriques surfaces. Our main theorem is the following.
Theorem 1.1 (Theorem 3.6). Let F be a finitely generated field over Q, and R be a finite type algebra over Z which is a normal domain with the fraction field F . Then, the set        X X : Enriques surface over F, for any height 1 prime ideal p ∈ Spec R, there exists a prime number ℓ / ∈ p such that H 2 et ( X F , Q ℓ ) is unramified at p        /F -isom is finite. Here, X denotes a K3 double cover of X.
Corollary 1.2 (Corollary 3.7). Let F be a finitely generated field over Q, and R be a finite type algebra over Z which is a normal domain with the fraction field F . Then, the set X X : Enriques surface over F, X admits good reduction at any height 1 prime ideal p ∈ Spec R /F -isom is finite.
Theorem 1.1 is, in fact, a direct corollary of the Shafarevich conjecture for K3 surfaces ([She17], [Tak18] ). To conclude Corollary 1.2 from Theorem 1.1, we recall the properties of good reduction of Enriques surfaces (see Proposition 2.4 and Lemma 3.3). We shall make some remarks on the statement of Theorem 1.1. It is known that there exists an Enriques surface over a local field which does not admit good reduction, but whose K3 double cover admits good reduction (see [LM18, Theorem 3.6]). Our Theorem 1.1 generalizes the original Shafarevich conjecture (Corollary 1.2) to deal with such phenomena. deep encouragement and helpful advice. The author also thanks Tetsushi Ito for the proof of Proposition 2.4 and Yohsuke Matsuzawa for helpful suggestions.
Enriques surfaces and good reduction
First, we recall the definition of Enriques surfaces.
Definition 2.1. For any field k, an Enriques surface over k is a smooth projective surface over k satisfying ω X k /k ≡ O X k and b 2 (X k ) = 10, where ≡ denotes numerical equivalence.
If k is a field of characteristic away from 2, it is well-known that an Enriques surface over k has a K3 double cover (see [Bȃd01, Proposition 10 .14]).
The main purpose of this paper is to study the Shafarevich conjecture for Enriques surfaces by reducing the problem to the case of K3 surfaces. In the rest of this section, we will define the good reduction of Enriques surfaces, and study their properties.
Definition 2.2. Let K be a discrete valuation field, and X be an Enriques surface over K. We say X admits good reduction if there exists a smooth proper algebraic space
First, we recall the lifting property of line bundles on Enriques surfaces, which was proved by Liedtke.
Lemma 2.3. Let R be a complete discrete valuation ring with the residue field k. Let X → Spf R be a formal deformation of Enriques surfaces, i.e. proper smooth formal scheme with the special fiber X k which is an Enriques surface. If L ∈ Pic(X k ), then L ⊗2 extends to Pic(X ). Moreover, if H 2 (X k , O) = 0 (e.g. the case of char k = 2), then L extends to Pic(X ).
Proof. This is a special case of [Lie15, Proposition 4.4 (5)]. We note that Liedtke's argument also works for the case where k is not algebraically closed. For the sake of completeness, we recall the proof. We put X = colim n X n , where X n is a smooth proper scheme over S n := Spec(R/m n ). Here, m is the maximal ideal of R. Let R be a strict Henselization of R, and m be the maximal ideal of R. Let X n := (X n ) Sn be the base change. By the Hochschild-Serre spectral sequence with respect to the Galois covering X n → X n , we have the exact sequence
where G k is an absolute Galois group of k. Note that the left end is 0, and the right end is no other than the Brauer group Br(R/m n ) := H 2 et (Spec R/m n , G m ). We recall that there exists the natural isomorphisms Br(R/m n ) ≃ Br(k) (see [Gro95a, COROLLAIRE 6 .2], [Gro95b, COROLLAIRE 2.5]). By [Lie15, Proposition 4.4 (1)-(3)], for any positive integer n, L ⊗2 lifts to a rational point of the Picard scheme M n ∈ Pic Xn/Sn (S n ), which gives an element of Pic( X n ) G k . By the above exact sequence, the line bundle M n descends to the line bundle on X n if and only if its image in Br(R/m n ) is zero. If n = 1, this image is zero, thus for any n, it is zero. Therefore, M n is an extension of L ⊗2 to Pic(X ). The final statement follows from [FGI + 05, Corollary 8.5.5].
Tetsushi Ito taught me the following proposition.
Proposition 2.4. Let K be a complete discrete valuation field, X be an Enriques surface over K. The following are equivalent.
(1) X admits good reduction.
(2) There exists a smooth projective scheme X over O K such that X K ≃ X.
(3) There exists a smooth proper scheme X over O K such that X K ≃ X.
Proof. Clearly (2) ⇒ (3) ⇒ (1). So we shall prove (1) ⇒ (2). Let k be a residue field of K. Take a smooth proper algebraic space model X over O K . Let X k be the special fiber of X , and X be the completion of X along the special fiber X k . By Lemma 2.3, there exists an ample line bundle of X k which can be lifted to a line bundle on X . Therefore by [FGI + 05, Corollary 8.5.6], we get the desired smooth projective model.
Remark 2.5. As in [Mat15, Example 5.2], the above proposition does not hold in the case of K3 surfaces.
The Shafarevich conjecture for Enriques surfaces
First, we recall the definition of a K3 double cover to introduce a notion which generalizes good reduction of Enriques surfaces (see also [CL16, Section 7]).
Definition 3.1. Let k be a field with characteristic away from 2, and X a K3 surface over k. By fixing an isomorphism ω ⊗2 X/k ≃ O X , we can equip the O X -module O X ⊕ω X/k with an O X -algebra structure. We refer to a relative spectrum X := Spec X (O X ⊕ω X/k ) as a K3 double cover of X.
Definition 3.2. Let K be a discrete valuation field with the residual characteristic p = 2, and let X be an Enriques surface. We take a K3 double cover X of X. We say X admits a cohomological good K3 cover if H 2 et ( X K , Q ℓ ) is an unramified representation, for ℓ = p (which is independent of ℓ as in [Tak18, Lemma 5.0.1]). This definition does not depend on the choice of X. Indeed the dual space of H 2 et ( X K , Q ℓ ) is no other than the ℓ-adicétale homotopy groups πé t 2 ( X K ) Q ℓ ≃ πé t 2 (X K ) Q ℓ since K3 surfaces are simply connected (see e.g. [AM69, Corollary 4.5, Corollary 9.3] and [Fri82, Proposition 7.6]). Lemma 3.3. Let K be a discrete valuation field with the residual characteristic p = 2, and let X be an Enriques surface over K. If X admits good reduction, then X admits a cohomological good K3 cover.
Proof. Taking a completion, we may assume K is complete. By Proposition 2.4, one can take a smooth projective scheme model X over O K . By the separatedness of the Picard functor [BLR90, Theorem 8.4 .3], we have an isomorphism ω ⊗2 X /O K ≃ O X . Then we can attach an O X -algebra structure on the O X -module O X ⊕ω X /O K . Then a double covering X := Spec X (O X ⊕ ω X /O K ) is finiteétale over X by the assumption on the residual characteristic. So X gives a smooth projective scheme model of X K , which is a K3 double cover of X.
Remark 3.4. There exists an Enriques surface which does not admit good reduction, but whose K3 double cover admits good reduction. See [LM18, Theorem 3.6] for such an example having flower pot reduction. Theorem 3.6. Let F be a finitely generated field over Q, and R be a finite type algebra over Z which is a normal domain with the fraction field F . Then, the set        X X : Enriques surface over F, for any height 1 prime ideal p ∈ Spec R, there exists a prime number ℓ / ∈ p such that H 2 et ( X F , Q ℓ ) is unramified at p        /F -isom is finite. Here, X denotes a K3 double cover of X.
Proof. By Lemma 3.5, we can reduce the problem to the finiteness of K3 double covers. So this theorem follows from [Tak18, Theorem 1.0.1].
Corollary 3.7. Let F be a finitely generated field over Q, and R be a finite type algebra over Z which is a normal domain with the fraction field F . Then, the set X X : Enriques surface over F, X admits good reduction at any height 1 prime ideal p ∈ Spec R /F -isom is finite.
Proof. Remark that we may assume 1/2 ∈ R. Therefore, the desired finiteness follows from Lemma 3.3 and Theorem 3.6.
